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Introduction 

Let b be the Borel subalgebra of some Kac-Moody algebra g and B the cor- 
responding group. (If b is infinite-dimensional, then B is a projective limit of 
finite-dimensional groups). Let A4(£, b) be the moduli space of B-bundles on the 
elliptic curve £. There is the natural map B — > H 1 where H is a Cartan sub- 
group, so each B-bundle defines an if-bundle. Note, that each i7-bundle on £ has 
the characteristic class which lies in H 2 (£,L) = L, where L is the root lattice of 
Kac-Moody algebra g. For each n G L we denote by M. n {£, b) the corresponding 
connected component of A4(£, b). 

In [3] we define the Hamiltonian structure on the manifold A4(£, b) and quantize 
the coordinate ring of the manifold A4 n (£, b) in the case when n = n^, {Si} are 

i 

simple positive roots, {rii} are positive and big enough. Actually, our construction 
works in case of arbitrary {rti}. 

In this paper we consider the case when almost all rti are zero and some of 
them may be negative. Discuss first the case when all {n\\ are zero. If g is finite- 
dimensional, then Aio(£, b) is trivial. If g is an affine Kac-Moody algebra, then 
Aio(£, b) is infinite-dimensional with trivial Hamiltonian structure. Let g = a, 
where a is a finite-dimensional semisimple Lie algebra and P be a moduli space 
of a-bundles on £. Then Jid (£, b) is a space of maps (p : D — ► P, where D is a 
formal neighborhood of the origin in C such that <p(Q) is a trivial bundle. In §5 we 
study the construction in this case. In the case g = slh we write the quantization 
of A4q(£, b) explicitly. It means that we construct an infinite set of commuting 
elements in some algebra. 

In §4.2 we consider the case when g = slh+i and the set (m, . . . , n^) is (m, 0, 0, . . . , 0). 
The moduli space -M( mj o,...,o)(^) &) nas a projection on £ h and a typical fiber is 
(CP m ~ 1 ) h . After quantization we get a new construction of elliptic i?-matrix. 

In the §4.4 we consider again the case g = slh+i, when the set of {rii} is 
(1,0,..., 0, m). In this case our algebra contains the Sklyanin subalgebra Qhm+i h(£j r ) 
(see[2]). 

In the §4.5 again for g = slh+i we consider the set (0, . . . , 0, 1, 0, . . . , 0). In this 
case we get the generalized elliptic R- matrix (compare [2], formula (6)). 

In the §4.3 we consider the case (—1, 0, . . . , 0, m) for g = slh+i- It gives us the 
quantization of the coordinate ring of the Grassmannian of /i-dimensional planes 
in m — h + 1-dimensional space. 



Now we describe the contents of the paper. 
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In §1 we introduce the notations and construct the algebra Q n ,A(£, t). Here A 
is a root system of g, r G C. For r = this algebra is the coordinate ring of the 
manifold Ai n (£, b) and for generic r it is a quantization of this coordinate ring. 

In §2 we construct some representations of the algebras Qu,a(S,t) and in §3 
we study intertwining operators for these representations. Namely, we embed the 
algebra Q n ',A(£, — t) for some n' into the algebra of intertwining operators. 

In §4 we apply the construction of the algebra Qu,a(£,t) to produce some ob- 
jects: the elliptic Belavin .R-matrix, the quantization of the algebra of functions on 
the Grassmannian, the algebra Qhm+i,h(£, r ) ( see [2] for definition), some general- 
ized elliptic .R-matrix. 

In §5 we consider the case of affine g. We write down the explicit formula for 
commuting elements in the case g = slh- 

In §6 we construct the elliptic deformation of the Poison algebra and write down 
the explicit formula for commuting elements in this case (see also [5]). 
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§1. Algebra Q u ,a(£,t). 

1.1. Notations. Let A be the root system of the Kac-Moody algebra g, A + are 
the positive roots, {Si, . . . ,Sh} are the simple positive roots (so h is rank g). We 
suppose that the set of simple positive roots in A is fixed. Let (a^j), 1 ^ i,j ^ h 

2 ( S S 1 

be the Cartan matrix, a,ij = ^' s ^ ■ Actually, for our construction of Q n ,A(£,T~), 
we need only a linear space with a fixed basis {Si, . . . , 8h} and a scalar product 
(Si, Sj). But we don't know anything about the properties of the algebra Q n> &(£, t) 
if {Si, . . . , Sh} is not a set of simple positive roots of the finite dimensional or affine 
Kac-Moody algebra. Let L be a lattice with the basis {Si, ... , S^}, L = Z h and let 
L+ = {Zi<Ji + . . . + l h S h ; h, . . . , l h > 0} C L. 

Let us n : L — > Z be homomorphism of the abelian groups, so rii = n(Si) G Z. 

Let £ = C/r be an elliptic curve, where V = {mi + m2r\;mi,mi G Z} is a 
lattice, Im?] > 0. For m G Z, c G C we denote by £ m;C a linear bundle on £ such 
that its sections are realized as functions on C with the following properties: 

f(z + 1) = /(*);/(* + V ) = e~ 2 ^ m ^f(z) (1) 

It is clear that £ m;C = £, m ',c' if and only if m = m' and c — c' G T. The space 
of holomorphic sections H°(^ m ^ c ) is realized as a space of holomorphic functions 
on C satisfying (1). We denote this space by m>c (r). It is easy to see that 
dim6 m)C (r) = m if m > 0, 6 m , c (r) = if m < 0. If m = then 6 , c (r) = for 
c ^ T. If m = and c G T then the bundle £o,c is trivial and dimH°(^o,c) = 1- For 
m > the elements of 6 mjC (r) are called 6>- functions of order m. It is clear that 
for m > for different c the spaces O m , c (r) are isomorphic and can be identified 
by translation of C. It is easy to check that every ^-function of order m has 
exactly m zeros modT and the sum of these zeros is equal to c + |m modT. 

Let 6(z) = ^(-l^e 27 "^^^^ 7 ?) . It is clear that 9(z) G 6^1 (r), 6(0) = 0, 

a£Z 

q(-z) = - e -^e(z). 

1.2. Algebra Fa(£,t). Let r G C. We will construct an associative al- 
gebra F&(£,r) that depends on 2 continues parameters: an elliptic curve £ and 

a point t G C. The algebra F/±(£,t) is L + -graded, so F^(£,t) = i 7 } and 

Z6L+ 

Fi * Fi> C -Fi+p. Here * is the product in the algebra Fa(£,t). By definition, 
the space F\ for I = liSi + . . . + is a space of everywhere meromorphic func- 
tions f(xi A , . . . , x h x, ■ ■ ■ ; %i,h, • • • , a^.fe; ui,...,u h ) in Z x + . . . + l h + h variables 
{x a j,Ui;l ^ i ^ h, 1 ^ a ^ k}. We assume, that these functions are symmet- 
ric with respect to each group of variables {xi^, . . . , x^^} for all 1 ^ i ^ h. Let 
/ G Fi,g G F{i, where / = l\Si + . . . + lhSh, I' = l[Si + • • • + I'^h- By definition, for 
the product / * g G Fi + i> we have: 



/ * g(xi,i, xi 1+Vi x, • • • ; xi th , xi h +v h y, ui,...,u h ) = 
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X] f( x <n(i),ii • • • > x <tiOi),i; • • ; ^au' • • • » x <T h (ifc),h; •••,«/») * 



</(^<Ti(ii+i),i> • • • > ar<ri(ii+«i),i; • • • ; Xa h (i h +i),h, • • • , ^<T h (i h +^),/»; w i r) 7 • • • > w i r) ) x ( 2 ) 

TT ^(^j(g),i ~ X Qj(f3),j - (jt, ^j)T ) 

Here ?4 = it* — 2(Z, 8i)r for 1 < z ^ h. 

Proposition 1. The formula (2) defines in the space F^{£,t) = Fi the 

ieL+ 

structure of the associative algebra. 
Proof. By direct calculation. 

Remarks. 1. Let r = 0. In this case the algebra Fa{£, 0) is commutative and 
does not depend on £ . The formula for / * g takes such a form: 

/ * g(xi,i, • • • , EJi+ii.i; • • • ; x ljh , . . . , xz h +i' fc ,/»; u 1 ,...,u h ) = 



^ /(^ai(l),!' • • • ) • • J ^(l),/^ • • • , x a h {l h ),h\ Ml, • • • , Mfc) X 



Zi!Zi!...Z^! , 

o-ifc^ il+i / 



»(^ai(Ii + l),U • • • ' • • • 5 ^(Ifc + lJ./n • • • > ^(Ifc+I'J.h; Ml, . . . , M/j) (3) 

Let P; C F; be a space of functions which does not depend on {ui, . . . , Uh} and 
are polynomials in variables {x a ^ 1 ^ i ^ h, 1 ^ a ^ U}. It is clear that P = 

Pi is subalgebra in F A (£, 0). We have: Pi = S h P Sl ®S h Ps 2 ®...® S lh P Sh , so 
ieL+ 

P = S*Ps 1 ®S*Ps 2 <8>. . .®S*Ps h . Here P^ is a space of polynomials in one variable. 
The formula (3) defines the usual product in this tensor product of symmetric 
algebras. 
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2. By definition F is a space of all meromorphic functions in variables {u\, . . . , Uh}- 
For f,g G F we have (see (2)) f * g = fg. It is the usual product of functions. So 
Fo is a field. We have Fq, * Fi C Fi and Fi * Fq, C -F) so we have two structures of 
a Fo- vector space on F\. These two structures are connected by the following: for 
f e F and g G Fi we have: g*f(ui, ...,u h ) = f(ui -2(7, 5i)r, . . .,u h -2(l, 5 h )r)*g 
(see (2)). For r = 0, the algebra Fa(£,0) is a F -algebra. 

1.3. Algebra Q njA {£, r). For every linear form n : L — > Z we will construct a 
subalgebra Q n ,A{£, t) in the algebra F&(£, r). By definition Q n ,A{£, t) = Q;, 

here C i 7 ) is a space of functions satisfied following conditions: 

1- f( x i,i, • • • > ^Jh./ij u i) • • • ) u h) as a function in variables {#1,1, . . . , a^,^} is holo- 

morphic outside the divisors {x Qj i — xpj = 0; z 7^ j, <5j) 7^ 0} and has a pole of 

order ^ 1 on these divisors. 

2. For each x a ^, l^i^h, l^a^lif satisfies (1) for m = rii, c = Ui — (Si, l)r 

as a function in x a ^. Here rii = n(5i). So we have: 

. . . , x a ,i + 1, . . . , xi ht h; ui,...,Uh) = f{xi,i, ...,xi h!h ;ui,...,u h ); 



. . . , x a ,i + ?/, . . . , xj fc) h; iti, . . . , ttfc) = 
e-2T«(»«*-.i+««-(*„0T) / ( a . 1>lj . . . ? Ul , . . . , „ h ) 

3. Let 1 ^ i,j ^ h such that a^j < 0. Let 1 ^ cti, . . . , a_ ai . + i ^ Zj, 1 ^ j3 ^ Zj. 
Then . . . , it/i) = on the affine subspace of codimension —a^j + 1 defined 

by the following relations: 



^a-oj^+i,! X P,j — {^i^j) T T X l3,j X aij i — {Si, Sj)T. 

4. Let {5i 17 . . • , Si p } generates an irreducible component of the root system A; 
lii,...,li h ;Xi,...,X h ;v G C and fij = Xj = if j ^ ^ = -v, 

= n^hr 1 < a ^ p. Then +m, xj^i ...; x ljh + /j, h , ... , x thjh + 

li h ;u 1 + X 1 ,...,u h + X h ) = ...,«/»). 

Proposition 2. TTie space Q^a^t) is closed with respect to the product * 
defined by (2). So Qn,A(£,T~) is a subalgebra of the algebra F A {£,r). 

Proof. By direct calculation it is easy to see that the product * preserves each 
of the properties 1-4. 

Proposition 3. Let Ai C A is a root subsystem generated by some subset 
of {Si, . . . , S h }. Then F Ai (£,t) C F a (£,t), Q m ,Ai(£,T) c Qti,a(£,t) as graded 
subalgebras. Here m is a restriction of n to the sublattice generated by A±. 

Proof. It is evident from the definitions. 
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Remarks. 1. Q Q is a field of meromorphic functions f(u\, . . . ,Uh) satisfying 
the property 4. 

2. We have Qo * Qi C Qi and Qi * Qo C Qi so Qi has two structures of a Qq- 
vector space. These two structures are connected in the following way: for / e Qo 
and g eQiwe have; g * f(m, ...,u h ) = f(u\ - 2(1, Si)r, ...,u h - 2(1, 5 h )r) * g (see 
(2)), so the dimension of these spaces is the same. 

3. From the properties 1 and 2 of the elements from the space Qi it follows that 
dim.Q Qi is finite for each / e L + . 

4. For r = the algebra Q n ^(S,r) is a commutative Qo-algebra. 

5. Qs { consists of the functions f(x;u\, . . . ,Uh) which are holomorphic with 
respect to x and satisfy the properties 2 and 4. So dimQ Qs i = rii if rii > and 
Q 5i = if m ^ 0. 

6. Qo^i consists of the functions f(x\, . . . , x a ; ui, . . . , uh) which are holomorphic 
and symmetric with respect to {x\, . . . , x a } and satisfy the properties 2 and 4. It 
is clear that dim Qo Q Q(5i = M^+D-Jn l+a -i) i{ n . > q and = o if <; 0. 

7. If (Si, Sj) = then Q a s,+ps 3 = QaSi ®q„ Qps r 

8. If (Si,Sj) ^ (and z ^ j), than becomes bigger then Q 5i ®q Q^. 
because of the pole part of the functions from Qst+Sj- So we have: dimQ Q<5 i+( 5. = 
riiTij + rii + rij, if rij ^ 0. If or rij < 0, then Qsi+Sj = 0. 
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§2. Representations of the algebras Q n ,A(£,T~). 
Let p G L + , p = pidi + . . . + ph&h- Let A Pjl \(S, r) be the algebra generated by 

{e^^a, 1 ;; 1 < i < ^> 1 < a ^ Pi} ^W(yi,i, ■ ■ ■ ,y P i,i; ■ ■ - ;yi,h, ■ ■ ■ ,y Ph ,h;ui, . . . ,u h )}, 

where <p is any meromorphic function in variables {y a ,i, u>i', 1 ^ i ^ h, 1 ^ a ^ pi} 
such that as a function of {y a ,i} it has poles only on the divisors of the form 
{y a ,i - yp,j - (^^j)t + fj,(8i,Si)T - v(5j,5j)T = 0;^, v e Z, (Si,6j) ^ 0}. We 
assume such the following relations hold: 

v{yf3,j - y a ,i - {Oi t dj)T) 

e a ,iVp,j = yp,je a ,i, here i^jora^; 

[2/a,*,y/3,j] = [ya,i»Wj] = = o. 

Let us define the map x : Q n ,/±{£-, t) — > A Pi/ \(£, r) by the following. For / G Qo, we 
put = /. Recall that Qo C A Pj a(£, t) by definition. For f(x; u\, . . . , ix/j) G 
(if rii > ), we put = ^ f(y a ,i;ui, ■ ■ ■ ,Uh)e a ,i- In general case for 

. . . , ui, . . . , u h ) G Qi, I = hSi + ... + l h 6 h , we define: 



t-i i ••• e_ i . . . Ci 7 . . . e. 



x (f) — ^2 ^Vi,i,-,Vp h ,h°l,l •••°pi,l ■■■ c -p h ,li 

<pi,i+---+<p Pi ,i=li for each l^i^/i 

Here ^...^ h is a function in variables {j/ a ,i) 

Btpi,i,...,<p Ph ,h = 

f(yi,i, yi,i + (Si, Si)t, 2/1,1 + (</?i, i - l)(<Ji, Si)t, 
y Ph ,h,y Ph ,h + (S h ,6 h )T, . ..,y Ph ,h + (f Ph ,h - l)(S h ,6 h )r; u ly ...,u h )x 
tt 0(y a ,i + n(6j, 6j)T - ypj - v{8j,8j)T) 

i^j; if i=j, then 
if i=j,a=$, then [i<v 

Proposition 4. x is homomorphism of algebras. 
Proof. It is direct checking using the formulas (2) and (4). 



(5) 
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Remarks. 1. If ip aji = for some a and i, then / does not contain variable 
y a j in corresponding part of the formula (5). For tp a ^ > 0, / contains variables 
Va,i + 8i)T for < fx ^ tp a ^i - 1. 

2. It is possible to construct representations of the algebra Qtz,a(£>t) using 
homomorphism x. For this let us construct the representation of the algebra 
A p ,a(£,i~) with diagonal action of the elements {y a ,i,Ui}. The basis of this rep- 
resentation consists of monomials of the elements {e a ,i}. The homomorphism x 
defines the representation of the algebra Q u ,a(£, t) in this space. 
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§3. Intertwining operators. 



In this paragraph we assume that A is a root system of the finite dimension 
Lie algebra. The intertwining operators for the representations of the algebra 
Qu,a(£,t) are constructed in the following way (see also [6], §3). Let a be an 
automorphism of the algebra A p ^{£ , r). We say that an element C G A Pj a(£,t) 
cr-commutes with the image x{Q n ^{£,r)), if for each element / G Q u ,a{£, t) we 
have: Cx(f) = (ax(f))C in the algebra A p ^{£ , r). Let tv be some representa- 
tion of the algebra Q n ,A{£,T) constructed by the homomorphism x (see remark 
2 in §2). It is clear that C defines the intertwining operator between the repre- 
sentations 7r and iv a of the algebra Qu,a(£,t)- Let C\ G A p ^{£,r) ai-commutes 
and C2 G A p ^{£,t) o"2-commutes with x(Q n ^{£,r)). It is clear that {piC\)Ci 
(72<Ti-commutes with x{Q n ^{£, r)). This product coincides with the product of the 
intertwining operators. 

Let Lc = L ®z C be a C- vector space with a basis {81, . . . , 5h}- Let n G L<c, 
fx = ni5i + . . . + fXh^h- Let us define an automorphism T M of the algebra A p ^(£, t) 
by the following: T M (e a>i ) = e Q)i , T^(y aA ) = y aM T^uA = Ui + fii. We will look for 
the elements of the algebra A p ^{£, r) that T M -commutes with x(Q n ^(£, r)). The 
algebra A Pi a(£, t) is L-graded, if we assume degy a) i = deg U{ = 0, dege aj i = Si for 
each 1 ^ i < /i, 1 ^ a ^ pj. It is clear that A p ^(£,r) = ff^Ai, here A\ is the 



space of elements of degree / and A\Ay C A^y in the algebra A p ^(£, r). It is clear 
that the homomorphism x preserves the grading, so x(Qi) C A\. Let u> : L — > Lc 
be a homomorphism of abelian groups. We denote by A£ A (£,r) the associative 
algebra such that as a linear space it is isomorphic to A Pj a(£, t) and the product 
o is defined by the following: C\ o C2 = (T^^Ci)^. Here Ci G C2 G and 
o is the product in the algebra A" A (£, r). We will construct a homomorphism 



for some n' and u; such that for each elements / G Q n ,A(£, t), g G Q n ',A(£, — t) we 
will have: 



2/ : Qn>,A{£, ~r) -> -4p, A (£ 5 r ) 





We denote = n'(^) for all 1 < z ^ /i. 
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Let A' p A (S, —r) be the algebra with generators {e' a i , e' a ]; 1 < i ^ h, 1 < a ^ pi} 
and {ip(y' 1A , . . . ,y' pul ; . . .;y[ h , . . . ^'^y,^, . . . ,u' h )}, where (p are meromorphic 
functions. We assume the the relations are as in (4), with r replaced by — r and 
ea,i,ya,i,u>i replaced by e' a i , y' a i? u\ respectively. It is clear, that there is a ho- 
momorphism x' : Qu',a(£, — t) — > A^ A (£, — r) defined by (5), where Q n ,A(£,T~) 
is replaced by Q n ',A(£, — r ) an d A p ^a(£,t) is replaced by A^ A (£, — r). Here Q' 
consists of meromorphic functions in variables {u[, . . . , u' h }. 

Let u> : L — > Lc be such homomorphism that 

= - 5^ 2 ( <J *»*7') T ' *i 

Proposition 5. Following formulas define the homomorphism of the algebras 
k:A pA (£,-t)^A» a (£,t): 

*(y'a,i) = Va,i 

x(^) =- Ui - a 3,iy/3,3 ( 6 ) 

*ie' ati ) = J] (%a,*-y^-((**,*i) + (*i,*0+^i,*i))r)e^)x 

TT e " 2 ^ e -i 

Proof. It is a direct checking of the relations (4). 

Let T' be an automorphism of the algebra A' A (S, — r) such that T^e' a i = e' a i , 
T lv' a ,i = y'a,i, T l u 'i =K + Vi- Here V> e L C, H = /Ml + ■■■ + Phh- We put: 

Pi = (-( n 'i + 3)(<Mi) + (Si,p))r+ - a 3,iPj 

Proposition 6. Let y : Q n ',A(£, — t) — > A pA (S,T) be the composition of 
the homomorphisms x' , T'^ and k, so y(g) = xT'^x'(g) for g G Q n ',A(£, — t) . 
Then for each g G Q n ',A(£, — t), f G Qn,A(£,7~) there is a relation y(g)x(f) = 
{T_ uj{ i ) x{f))y{g) in the algebra A pA (£,r). Here g G Q\. 

Proof. See [6], §3 for the case of strict dominant n and n' (this means n(5i) > 
and n'(Si) > 0). In general case the proof is similar. 
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Remarks. 1. This construction for the case of strict dominant n and n' was 
done in [6], §3, propositions 3 and 4. We have extended this construction for general 
case above. 

2. In [6], §3, Proposition 5 we have constructed another elements Kd € A Pj &(£, r) 
that T^-commute with x(Q n ^{£, r)). Here d is such that ^ d 5 ^ G N for each 
1 ^ % ^ h, v = —drin'^i + . . . + n' h 5h)- In [6] we considered only the case of strict 
dominant n and n', but it is clear that the Proposition 5 holds for general case. 

3. In [6] we used slightly different notations (compare [6], §1 and §1 of this 
paper). In notations of [6] we had to divide by ni (see for example [6], formula (1)) 
but it is not good if we want to consider the case rii = for some i. So we have to 
change the notations. 
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§4. Examples and applications. 

4.1. Case of finite root system A and dominant n. 

This case was studied in [6] . We remind the main result about the structure of 
the algebra Q n ^(£, r). 

Let g = g~ © f) © g + be the Cartan decomposition, {g 7 ;7 G A + } be a basis in 
+ , ^71,72 G C be the structure constants, so [<7 7l ,<7 72 ] = </? 7l)72 <7 7l + 72 . We denote 
by g+(£,n) the following L + -graded Lie algebra over field Qq: 

d+(£,n) = e n(7))U(7) (r) 

7 6A+ 

as a linear space. Here 14(7) = it 171 + . . . + it/^h for 7 = 71^1 + . . . + jhSh- 
The commutator for ^ G n ( 7 ) jU ( 7 )(r), A G n ( 7 /) jU (y)(r) is by definition [/x, A] = 
y 7j7 '/x • A. Here // • A is the usual product of functions. We remind that by definition 

n ( 7 ) )U ( 7 )(r) = if 71(7) = (see §1.1). It is clear that g+(£, n) is a subalgebra of 
the current algebra of q + over field Qo- 

Proposition 7. TTie algebra Q n ,A(£ \i~) , defined for finite root system A and 
dominant n is a deformation of the universal enveloping algebra U (g + (£, n)) in the 
class of L + -graded associative algebras. 

Remark. From this proposition it follows that the Hilbert function of the 
algebra Qu,a(£,t) for finite A and dominant n is 

£ dim Qo Q lW l = J] (l-w s )- n ^ 
ieL+ 5eA+ 

Here w l = w 1 ^ . . . w h h for / = liS\ + . . . + IhSh', w\, . . . , Wh are formal parameters. 

4.2. The Zamolodchikove algebra for the elliptic Belavin .R-matrix. 

Let A be root system Ah, so (Si, Si) = 2, 1 ^ % ^ h; (Si,Si + \) = — 1, 1 ^ % < h; 
(Si, Sj) = if \i - j\ > 1. Let n(<5i) = m > 0, n(<5 2 ) = . . . = n(S h ) = 0. The Hilbert 
function of the algebra Qn,A(£,i~) has a form (see §4.1): f J (1 — w 1 )~ n ^ = 

j€A+ 

(1 — wi)~ m (l — wiw 2 )~ m ... (1 — iui . . .Wh)~ m - So the algebra Q u ,a(£, t) is a 
deformation of the polynomial ring in hm variables: m variables of degree Si+. . .+Si 
for each 1 ^ i ^ h. It is easy to check that the space Qs^.^+Si consists of functions 
of the form: 

n ^ 

-Xi ia+1 - ^ U v + T ) 

«!,...,«/») = — <P{xi,i), 

[[ 0(x!, a - Xi, a+ i) 



where <p(x) G m)t4l+ ... +tt .(r). 
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Proposition 8. The space Qs 1 +...+s l generates the algebra Q m (£, ^t) for each 
1 ^ i ^ h. The commutation relations between Q§ 1+ ,,, + s t and .+*.,■> i 7^ j, 

1 ^ hj ' ^ h are defined by the elliptic R-matrix R m (£, ^r) (for the definitions of 
Q m (S,r) andR m (£,r) see [1]). 

Proof. It is enough to proof the proposition for the image of the homomorphism 
x : Q u ,a(£, t) — > A Pt &(£, r), because for large {pi} this homomorphism is injection. 
Let us denote by z^j the image of the element from the space Qs 1 +...+s i for a 
function <p(x) G Qm,u 1 +...+u l (T). We denote by Vi = u\ + . . . + Ui for 1 ^ i ^ h. 
The formula (5) gives us the following expression for z^j G A Pj a(£, t): 

JJ 0(y a „ jV -y av+1>v+1 + v v -Vi + T) 
,i= ^ U<1 y?(2/ ai ,i)e ai ,i e a 2 ,2---e ai)i 



Zip 



Let 



(7) 



JJ 0(y av ,v-y av+1 ,v+i + v v -Vi + T) 

fot!,i = ~~~ " e ai,l e a 2 ,2 • • • e ai,i (8) 

l^a 2 <P2 11 ^\Va v ,v — y av+1 ,u+l + T) 

From (7) and (8) we have: 

z v ,% = V{ya,i)fa,i (9) 

Using (4) it is easy to check the following relations between {f a ,i, y a ,i, vfA ^ ct ^ 
pi; 1 ^ % < h}: 

f f e 2 ^e(v l -y J )6(y ct , 1 -yp, 1 -2T) 

J "-' J 8{v i -v j +2T)0{y atl -y fltl ) JP ' jJa ' l+ 

^7 , r fa,jf(3,i, here a ^ /3, % < j; 10 

- vj + 2r)e{y aA - y^i) 

/«,*/*« = -e 2 ^-^^ ^ 1 "^ 1 "^ /^, here a ? /?; 

%/3,i - ya,i - 2r) 

fa,jfa,i = c fa,ifa,ji here i < j; 
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fa,iVp,i = yp,ifa,i, here f a ,iVa,i = (Va,i + 2r)/ a> i; 

/a.iUj = (uj - 2r)/ aji , here i 7^ j; / Qi ^ = (v* - 4r)/ Qji ; 

[ya,l,y/3,l] = [?/a,l,U*] = = 0- 

The proposition follows from the relations (10), the formula (9) and the results of 
[2]- 

4.3. The elliptic deformation of the algebra functions on Grassman- 
nian. 

Let us set A = Ah, (Si, Si) = 2, 1 ^ % ^ h; (Si, = —1, 1 ^ i < h; (Si, 5j) = 
if \i — j\ > 1 as above. Let n(Si) = —1, n(Si) = for 2 ^ i ^ h — 1, 77.(5/^) = m > 0. 
The space <2 < 5 1+ 2«5 2 +...+/i ( 5 h consists of the following functions: 

/(£l,i;£l,2, X 2 ,2] ■ ■ -;X lt h, ■ ■ .,X h ,h]Ui, ...,Uh) = 

J [ #<>a,i - Xf3,i+l) 

l^.i<h, 
lsCa^i.lsC/^i+l 

ip(x ljh T--,Xh,h'i u U---, u h) 

Here . . . , Xh', u±, . . . , Uh) is holomorphic and symmetric in the variables 

{x±, . . . , Xh} and satisfies relations: 

(p(xi + l,x 2 ,...,x h ;u 1 ,...,uh) = (p(xi, ...,xh;u!,...,uh) 
(f{xi +r],X2,...,x h ;u 1 ,...,u h ) = 

e -2ni((m-2h+2)x 1 +x 2 +...+x h +u 1 +...+u h ) (p ^ . . . } Ul) . . . } Uft ) 

It is easy to check that the space of such functions is isomorphic to A h O m -h+i, Ul +...+u h 
Proposition 9. For r = the subalgebra Q ct ^ 1 J r 2S 2 +...+hS h ) of the algebra 

Qu,a(£, t) is an algebra of functions on the manifold of h- dimensional subspaces in 
m — h+1- dimensional vector space. This means that the algebra is commutative and 
generated by Qs 1 +25 2 +...+h5 h — A. h ®m-h+i, Ul +...+u h (T) and the Plucker relations. 
For generic r the algebra Q a (s 1 +25 2 +...+h8 h ) is a flat deformation of the algebra 

of functions on the Grassmannian Gr(h, m — h + 1). 

Proof. For r = the proof is similar to the proof of proposition 8. From our 
definitions it follows that dimQ (5 Q ,( 5l+2( 5 2 _|_... + / l( 5 h ) does not depend on r. So this 
dimension is the same as for r = 0. 



15 



4.4. Algebra Q hm+ljh {£ ,t). 

Let A = A h , (6 it 6i) = 2, 1 < i ^ h; (6 it 6 i+1 ) = -1, 1 < % < h; (6^6,) = if 
> 1 as above. Let n(Si) = 1, n(Si) = for 2 ^ % ^ /i — 1, n(5/j) = m > 0. From 
the proposition 7 it follows that the algebra Q n ,A(£, 0) is the algebra of polynomials 
in h{m + 1) variables: one variable of degree Si + . . . + Si for each 1 ^ i < h, m 
variables of degree Si + . . . + Sh for each 1 < i ^ h and m + 1 variables of degree 
6i + . . . + 6h- It is easy to see from this that the subalgebra Q ct ^s 1 +... + s h ) of 

the algebra Q n ,A(£, 0) is the algebra of polynomials in hm + 1 variables of degree 
Si + . . . + 5h- So the subalgebra ^-j^ Q a (5 1 +...+s h ) °f the algebra Q n ,A^-> T ) * s a ^ a t 

deformation of the algebra of polynomials in hm + 1 variables. The Hilbert function 

is 1 + dim Qo Q a{5l+ ,„ +5h) w a = (1 - w)~(h™+V. 

Proposition 10. The subalgebra Q ce ^s 1 +...+s h ) of the algebra Q n ,A^-> T ) ^ s 

isomorphic to Qhm+i,h(£, h^+T r )- 

Proof. The proof is similar to the proof of proposition 8, using the construction 
of the algebras Q n ,fc(£,r) (see [2]). 

4.5. Generalized elliptic .R-matrix. 

Let A = A h , (Si,Si) = 2, 1 < i ^ h; (S h S i+ i) = -1, 1 ^ i < h; (<Mj) = if 
\i — j\ > 1 as above. We fix v, 1 < v < h. Let n(S v ) = 1, n(Si) = for 1 ^ % ^ h, 
i 7^ v. According to the proposition 7 the algebra Q n ,A(£,0) is the algebra of 
polynomials in v[h — v + 1) variables: one variable of degree S^ + Si 1+ i + . . . + Si 2 
for each ii, i 2 such that 1 ^ i\ ^ v ^ i 2 ^ h. The algebra Q n ,A^^ T ) * s a ^ & t 
deformation of this polynomial ring. It is clear that in the algebra Qn,A{£-,T~) 
we have dim Qo Q Sii+ ... + s i2 = 1 for 1 ^ h < v < z 2 ^ /i, Q* il +...+«j i2 = for 
z/ < zi or Z2 < v. Let ej l5 j 2 be a nonzero element from Qs ii +s il+1 +...+s i2 (for 
1 < ii < z/ ^ i 2 ^ /i). It is easy to check that we can choose e il)i2 in such a form: 

e ii,i2 

\ [ 6(xi tV - Xi jip+1 + ^ U a-T~) } [ 6(xirf - Xl^+i - ^ u ^ + t) 

X 

n d ( x hp- x i,p+i) 

(12) 

Let us denote Vi = Ui +Ui + i + . . . + u u for 1 ^ % ^ v and Wi = u u +u u+ i + + 
for z/ ^ z ^ /i. We denote q{j,j') = e 27TlT for j < q(j,j') = e~ 27TlT for j > /, 

q(j,j) = 1- 
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Proposition 11. The elements {e^^,^,!^; 1 ^ %\ ^ is ^ i 2 ^ h} satisfy 
following commutation relations: 



- ^ - 2r)g(^/ - Wj 2 )g(i / 1 , zQtfe i 2 ) 
- Vi'JOiw^ - w i2 - 2r) 



d(-2r)q(i' 2 ,i 2 )0(wi> - w i2 - v h +v i > ) . 

— -— — -r e., a> e~' i„ , /or %\ 7^ z-. , « 2 t 1 z ?; 

e ii,i2 e ii,i2 = 9(*1> H) e i' 1 ,i2 e ii,i2) e «i,«2 e ii,i 2 = ^(^25 ^2) e i\ ,i' 2 e *i ,*2 > 

e *i,i2 v *i = u ii e *i,ia /° r *i 7^ i'lieiLiaWi/ = w^e ilM for i 2 ^ i' 2 ; 
e ii, i2^ii = (^ii 2T)ei 1) i 2 ; ^ 2 Wi 2 = (ifj 2 — 2T)ej lj j 2 ; 
[vii.Vi'J = K 2 ,Wi 2 ] = [v*i,w* 2 ] = 

Proof. It is clear that 
but diniQgQ^i +...+& +5 / +...+5./ = 2, so there is a linear relation between these 

1 2 t 1 i 2 

elements. It is easy to find the coefficients of this relation using (2). Another 
relations in (13) are easy to check directly. 

Remark. If we put n(8 v ) = m > instead of n(6 u ) = 1, then we will have an 
algebra that is a deformation of the polynomial ring in mv{h — v + 1) variables: m 
variables of degree 5^ + 5^+1 + ... + Si 2 for each 1 ^ i\ ^ v ^ i 2 ^ /i. It is clear 
that dimQ H (5 5 . i+ ... +(5 . 2 = m for 1 ^ i x ^ z/ < i 2 ^ /i, Q 5ii+ ... +5i2 = for i x > v 
or i 2 < v and dim Q Q s u +...+s io +S; +...+S-, = 2m 2 for 1 < i u i\ < z/ < z 2 ,z 2 < ^ 

l ^ l l I 2 

So the elements from the product Qs t +...+s i2 * Qs x , +...+s if are uniquely expressed 
as linear combination of the elements from the space Qs., +...+s., * Qs il +...+s i2 © 
Q 5 +...+$., * Qs , +...+5 l0 ■ So we have a map 

Qs^+.-.+s^ <H> Qs it +...+s it -> +...+«$., <S> Q5 il +...+«5 i2 © Q5i 1 +...+<s i , © Q<v +...+«s i2 



It is clear that this map satisfies the Yang-Baxter equations. 
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§5. Case of affine root system. 
A family of commuting elements. 

Let A be the root system of the Lie algebra slh- So (Si, Si) = 2, (Si, Si+i) = —1 
and (Si, Sj) =0 otherwise. Here we assume that i E Z h . It is possible to prove that 
for dominant n the Hilbert function of Q n ,&(£, t) is equal to 

Y\ (1 — W 1 )'^ 1 ^^ Y\ (1 ~~ w a ( S i + ---+ S h)'j-^n(S 1 + ...+S h ) 
76A+ a^/n 

Here £(7) is a multiplicity of the root 7 in the algebra slh, A* = 2 for h = 2 and /i = 1 
for h > 2. So the algebra Q u ,a(£, t) is bigger then in the finite dimensional case. 
Note that the element u\ + . . . + Uh is central in the algebra Q n ^(£, r), because 
the root 5i + . . . + Sh is imaginary. We denote by Q n ,A,c(£, r ) (f° r c G C) the factor 
algebra of Q h ,a(£, t) by the relation tti + . . . + Uh = c. If n is dominant and n^O 
then the Hilbert function of the algebra Q n ,A,c(£, t) is the same as for the algebra 
Qu,a(£,t) and does not depend on c. Let us n = 0. The Hilbert function of the 
algebra Qo A , c (£, r) is equal to 1 if c £ T and is equal to ]~] (1 - u ,«(*i+-+*fc))-h 

for /i > 2 and (1 - wii^)" 1 (1 - wf)" 2 for /* = 2 if c G T. 

Proposition 12. Let c G I\ T7ie algebra Qo,a,c(£, t ) is commutative for each 
r G £ and isomorphic to polynomials in infinite number of variables. Namely, for 
h > 2 it is the algebra of polynomials in h variables of degree a(S± + . . . + Sh) for 
each a ^ 1 and for h = 2 it is the algebra of polynomials in one variable of degree 
Si + S2 and two variables of degree a(S± + S2) for each a ^ 2. 

Proof. Let c = 0. Firstly we consider the case h > 2. Let g(z\, . . . ,Zh) be the 
holomorphic function in variables {zj;j G Z h } that satisfies the relations: 

g(zt, ...,Zj + l,...,z h ) = g(z x , ...,z h ), 

g(zi, . . . , Zj+i], . . . ,Zh) = e~ 27T ' l ( 2z j~ z j- 1 ~ z j+ 1 ~ ri+u ^g(zi, . . . , z h ) for each j G Z h . 
It is easy to see that the space of such functions is /i-dimensional (over field of 
functions in variables {uj}) and g(z\ +p, . . . ,Zh +p) = g(z±, . . . , Zh) for each p G C. 
Let K a g be the following element of the space Q a ^s 1+ ___ + s h y. 

Yl °( X V,i ~ X ",i ~ 2r ) ' 9(X1,1 + .-. + X a ,i, . . • , X lth + -.. + X a ,fc) 

n °( x ^ - x ^+i) 

(14) 

One can check by direct calculation that K ai>gi * K a2 ^ g2 = K a2j92 * K aii9l for 
each «i,a 2 ; 91,92- 
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For h = 2 the elements K a ^ g defined by (14) commute also, but in this case 
K a ,g £ Qa(s 1 +s 2 ) because K a:9 has a pole of order 2. In this case the algebra 
<9o,A,o(£ 5 t) is a subalgebra of the algebra generated by {K a ^ g }. 
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§6. Elliptic deformation of the Poison algebra. 
Another family of commuting elements. 

Let 7~i, r 2 , r 3 G £, t\ +T2 + r 3 = and m G N. We define an associative N-graded 
algebra H m (£,Ti,T2,Ts) by the following: as a linear space H m {£,T\,T2,Tz) = 
Fi®F 2 ®Fs®. ■ ■ , where F a *F/3 C -F Q +/3 and F Q is a space of functions /(xi, . . . , x a ) 
on C a that satisfies the properties: 

1. /(xi, . . . ,x a ) is symmetric by x u ...,x a . 

2. /(xi, . . . , x a ) is holomorphic outside the divisors {x^ — x v = 0} and has a 
pole of order ^2 on these divisors. 

3. For a ^ 3 we have: 

/(x, x + Ti, x + Ti + r 2 , x 4 , . . . , x a ) = 

/(x, X + T2, X + T2 + Tl, X4, . . . , X a ) = 

4. /(xi + l,x 2 ,...,x Q ) = /(xi, .. .,x a ), 

f(x\ +rf,X2,..., x a ) = e~ 27r ^ mXl+c V(xi, • • -,x a ), here c G C is fixed. 
We define the product * in the algebra H m (£, T\, r 2 , r 3 ) by the following rule: 
for f e F a , g E Fp we set: 

/*#(xi,...,x a+/3 ) = 

^J^l f( X °l ' • • • ' ^cJ^O^a+l 5 • • • ? X fjQ + /3 ) | | a ^ •, %cr v ) 7 

(TES a + p l^^a, 

here A(x,y) = ^x-v-njfl^-y-^jfl^-y-T,) ^ 

It is clear that for m > the algebra H m (£, t\, r 2 , r 3 ) does not depend on 
c. It is possible to proof that for m > the algebra H m {£,T\,T2,T 3 ) is a defor- 
mation in class of N-graded associative algebras of the universal enveloping alge- 
bra of the following N-graded Lie algebra h mjC (£): as a vector space, h m , c (£) = 
©m,c(r) ©e 2 m,2c(r) ©. . . and for ip G 6 amjQC (r), ij> G 0/3 TO ,/3c(r), the commutator 
[y, V 7 ] = /^V — aV'V e 6)(a+/3)m,(a+/3)c(r)- The Hilbert function of the algebra 
H m (£,T U T2,T 3 ) is 1 + J2 dimF * wa = Y[(l-w a )- ma (see also [5]). 

Now let us apply this construction to the case m = 0. For c ^ T we have 
Hq(£, ti, t 2 , ts) = 0. For c G T the Hilbert function of the algebra Hq(£, t±, r 2 , r 3 ) 
is equal to ]|^[ (1 — w a )~ x . In this case the algebra Hq{£, n, r 2 , T3) is commutative 

for each ri, r 2 , r 3 G C, T\ + r 2 + r 3 = and isomorphic to the polynomial algebra in 
infinite number of variables: one variable of degree a for each a ^ 1. Let us c = 0. 
We define the elements K a G F a by the formula: 

K a (x 1 ,...,x a ) = - ^ for a > 1, 
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K 1 (x l ) = l 

It is easy to check by direct calculation that K a * Kp = Kp * K a for each a, 
(3 E N (see for details [5]). 
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